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============

As a generalization of functions, the differential form can be regarded as a special kind of vector-valued function. So, if some operators in function spaces are generalized to that in differential forms, similar properties could be obtained as in the function space. In recent years, the research on the generalization of operators from functional spaces to differential forms seems to become a new highlight in the inequalities with differential forms, see \[[@CR1]--[@CR6]\]. In this paper, we mainly consider the following convolution type fractional integrals operator acting on differential forms and develop some norm inequalities for the fractional convolution operator. Given a nonnegative, locally integrable function $\documentclass[12pt]{minimal}
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The Coifman type inequalities for the fractional convolution operator {#Sec2}
=====================================================================

In \[[@CR7]\], the inequality for the fractional convolution operator in function with the fractional maximal operator, that is, the Coifman type inequality, is proved.
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Theorem 2.1 {#FPar2}
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Proof {#FPar3}
-----

Since *φ* is a Young function, it follows that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &\frac{1}{\vert O \vert } \int _{O}\varphi \biggl(\frac{\vert f \vert }{\nparallel g\Vert _{\varphi (O)}} \biggr)\,\mathrm{d}x \leq \frac{1}{\vert O \vert } \int _{O}\varphi \biggl(\frac{\vert g \vert }{\nparallel g \Vert _{\varphi (O)}} \biggr)\,\mathrm{d}x \leq 1 \\ &\quad \Rightarrow \quad \nparallel g\Vert _{\varphi (O)}\in E= \biggl\{ \lambda >0: \frac{1}{\vert O \vert } \int _{O}\varphi \biggl(\frac{\vert f \vert }{\lambda } \biggr)\,\mathrm{d}x \leq 1 \biggr\} \\ & \quad \Rightarrow \quad \nparallel f\Vert _{\varphi (O)}=\inf E\leq \nparallel g\Vert _{\varphi (O)}. \end{aligned}$$ \end{document}$$ □

According to Theorem [2.1](#FPar2){ref-type="sec"}, we can get a similar conclusion to Lemma [2.1](#FPar1){ref-type="sec"}.
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Proof {#FPar5}
-----
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Theorem 2.3 {#FPar6}
-----------
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Proof {#FPar7}
-----

By the definition of the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{A}_{\infty }$\end{document}$-weight, there exist $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r_{0}\geq 1$\end{document}$ and a constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C<\infty $\end{document}$ such that, for all the balls $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$O\subset \mathbb{R}^{n}$\end{document}$, it follows that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \biggl( \frac{1}{{\vert O \vert }} \int _{O}w(x)\,\mathrm{d}x \biggr) \biggl( \frac{1}{{\vert O \vert }} \int _{O}w(x)^{-\frac{1}{r_{0}-1}}\,\mathrm{d}x \biggr) ^{r_{0}-1}\leq C. $$\end{document}$$ With the arbitrariness of the condition $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$w\in \mathcal{A}_{\infty }$\end{document}$ of Theorem [2.2](#FPar4){ref-type="sec"}, now get any ball $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$O_{0}\subset \mathbb{R}^{n}$\end{document}$ and let $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ w(x)=\chi _{O_{0}}(x)= \textstyle\begin{cases} 1, & x \in O_{0}; \\ 0, & x \notin O_{0}. \end{cases} $$\end{document}$$ It is easy to check that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$w(x)=\chi _{O_{0}}(x)$\end{document}$ satisfies ([2.10](#Equ23){ref-type=""}). In fact, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} & \biggl( \frac{1}{{\vert O \vert }} \int _{O}\chi _{O_{0}}(x)\,\mathrm{d}x \biggr) \biggl( \frac{1}{{\vert O \vert }} \int _{O}\chi _{O_{0}}(x)^{-\frac{1}{r_{0}-1}}\,\mathrm{d}x \biggr) ^{r_{0}-1} \\ & \quad = \biggl( \frac{1}{{\vert O \vert }}\vert O\cap O_{0} \vert \biggr) \biggl( \frac{1}{{\vert O \vert }}\vert O\cap O_{0} \vert \biggr) ^{r_{0}-1} \\ & \quad = \biggl( \frac{1}{{\vert O \vert }}\vert O\cap O_{0} \vert \biggr) ^{r_{0}}\leq 1. \end{aligned}$$ \end{document}$$ Thus $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} & \int _{O_{0}} \bigl\vert F_{\alpha }\hbar (x) \bigr\vert ^{p}\,\mathrm{d}x \\ & \quad = \int _{\mathbb{R}^{n}} \bigl\vert F_{\alpha }\hbar (x) \bigr\vert ^{p}\chi _{O_{0}}(x)\,\mathrm{d}x \\ & \quad \leq C \int _{\mathbb{R}^{n}} \bigl[M_{\alpha,\bar{\varphi }}\hbar (x) \bigr]^{p} \chi _{O_{0}}(x)\,\mathrm{d}x \\ & \quad \leq C \int _{O_{0}} \bigl[M_{\alpha,\bar{\varphi }}\hbar (x) \bigr]^{p}\,\mathrm{d}x. \end{aligned}$$ \end{document}$$ □

If the kernel function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$K_{\alpha }$\end{document}$ and the coefficient functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\hbar _{I}$\end{document}$ of differential forms are subject to some conditions, the following more important conclusion will be obtained.

Theorem 2.4 {#FPar8}
-----------

*Let* *φ* *be a Young function on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[0,+\infty )$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\hbar =\sum_{I}\hbar _{I}\,\mathrm{d}x_{I}$\end{document}$ *be a differential form on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Theta \subset \mathbb{R}^{n}$\end{document}$, *and let all the ordered* *ℓ*-*tuples* *I* *satisfy* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\hbar _{I}\in L^{\infty }_{c}$\end{document}$. *Suppose that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$F_{\alpha }$\end{document}$ *is a fractional convolution operator on differential forms and its kernel function* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$K_{\alpha }$\end{document}$ *satisfies* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$K_{\alpha }\in S_{\alpha }\cap H_{\alpha,\varphi }$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$K_{\alpha }\in C^{\infty }_{0}(\Theta )$\end{document}$, *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C^{\infty }_{0}(\Theta )$\end{document}$ *stands for all the* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C^{\infty }$\end{document}$ *functions with compactly supported sets in* Θ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0<\alpha <n$\end{document}$. *Then there exists a constant* *C* *such that* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \bigl\Vert F_{\alpha }\hbar -(F_{\alpha }\hbar )_{O} \bigr\Vert _{p,O}\leq C\operatorname{diam}(O)\vert O \vert \bigl\Vert M_{\alpha,\bar{\varphi }}(\mathrm{d}\hbar ) \bigr\Vert _{p,O} $$\end{document}$$ *for any* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1< p<\infty $\end{document}$ *and all the balls with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$O\subset \mathbb{R}^{n}$\end{document}$.

Proof {#FPar9}
-----
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Since a new function is obtained when the differential form is taken as a model, we can get a global inequality in the $\documentclass[12pt]{minimal}
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Definition 2.1 {#FPar10}
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The Lipschitz and BMO norm inequalities for the fractional convolution operator {#Sec3}
===============================================================================

It is well known that Lipschitz and BMO norms are two kinds of important norms in differential forms, which can be found in \[[@CR14]\]. Now we recall these definitions as follows. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\hbar \in L^{1}_{\textrm{loc}}(\Theta,\bigwedge^{\ell }),\ell =0,1,\ldots,n$\end{document}$. We write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\hbar \in \operatorname{locLip}_{k}(\Theta,\bigwedge^{\ell }),0\leq k \leq 1$\end{document}$, if $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \Vert \hbar \Vert _{\operatorname{locLip}_{k},\Theta }=\sup_{\rho O\subset \Theta }\vert O \vert ^{-(n+k)/n}\Vert \hbar -\hbar _{O} \Vert _{1,O}< \infty $$\end{document}$$ for some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\rho \geq 1$\end{document}$.

Further, we write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\operatorname{Lip}_{k}(\Theta,\bigwedge^{\ell })$\end{document}$ for those forms whose coefficients are in the usual Lipschitz space with exponent *k* and write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Vert \hbar \Vert _{\operatorname{Lip}_{k},\Theta }$\end{document}$ for this norm. Similarly, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\hbar \in L^{1}_{\textrm{loc}}(\Theta,\bigwedge^{\ell }),\ell =0,1,\ldots,n$\end{document}$, we write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\hbar \in BMO(\Theta,\bigwedge^{\ell })$\end{document}$ if $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \Vert \hbar \Vert _{\star,\Theta }=\sup_{\rho O\subset \Theta }\vert O \vert ^{-1}\Vert \hbar -\hbar _{O} \Vert _{1,O}< \infty $$\end{document}$$ for some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\rho \geq 1$\end{document}$.

When *ħ* is a 0-form, Eq. ([3.2](#Equ38){ref-type=""}) reduces to the classical definition of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$BMO(\Theta )$\end{document}$.

Lemma 3.1 {#FPar13}
---------

(see \[[@CR10]\])
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Theorem 3.1 {#FPar14}
-----------
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Proof {#FPar15}
-----

By Theorem [2.4](#FPar8){ref-type="sec"}, we obtain $$\documentclass[12pt]{minimal}
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Lemma 3.2 {#FPar16}
---------

(see \[[@CR14]\])
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By Theorem [3.1](#FPar14){ref-type="sec"} and Lemma [3.2](#FPar16){ref-type="sec"}, we get the following conclusion.

Theorem 3.2 {#FPar17}
-----------
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Applications {#Sec4}
============

With regard to the applications of the fractional convolution operator, we will point out that Theorem [2.2](#FPar4){ref-type="sec"} has different expression forms.

Definition 4.1 {#FPar18}
--------------

(see \[[@CR7]\])
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Lemma 4.1 {#FPar19}
---------

(see \[[@CR7]\])
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Theorem 4.1 {#FPar20}
-----------
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Proof {#FPar21}
-----
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Lemma 4.2 {#FPar23}
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(see \[[@CR7]\])
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By Theorem [2.2](#FPar4){ref-type="sec"} and Lemma [4.2](#FPar23){ref-type="sec"}, we have the following.
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